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SUMMARY

Experimental data on the development of wakes in a straight duct, a curved duct, a curved diffuser and a straight
diffuser are compared with computations based on a finite volume scheme incorporating the k—¢ model of
turbulence. The results show that the computations based on the standard k—& model are able to satisfactorily
capture only the mean velocity profiles. To improve the predictions, several modifications to the model are tried
out. Close agreement between experiment and computation as regards the velocity profiles, wake parameters and
profiles of the turbulent kinetic energy k and Reynolds shear stress u/v’ is obtained when modification to the
model constant C,;, based on the curvature parameter and the ratio of the production of turbulent kinetic energy to
its rate of dissipation, is incorporated. The modified model is also able to capture the asymmetry in the profiles of
k and u’'v’' caused by the curvature and its enhancement due to the additional presence of an adverse pressure
gradient.
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1. INTRODUCTION

Thin shear flows with significant streamline curvature and pressure gradient are of considerable
interest in many engineering applications. The field of turbomachinery provides many examples, such
as flow over compressor and turbine blades. Another example is that of flow over a multielement
aerofoil in which wake of the slat develops under the influence of both curvature and pressure gradient.
An understanding of the turbulent structure in such fiows is of basic importance and would help in
improved prediction of the characteristics of aerofoils and turbine blades. Here we focus attention on
the effects of curvature and pressure gradient on the development of wakes.

Many studies have been carried out to investigate the development of wakes with and without a
pressure gradiant (see e.g. Reference 1-3). As regards the curvature effect on wakes, Savill* and
Nakayama® have studied experimentally the development of wake in a curved flow. In these
investigations the effects of curvature and pressure gradient were combined. To separate the two
effects, Ramjee et al.’ and Ramjee and Neelakandan’ studied the development of wake in a curved
duct of constant cross-section. In this manner the wake was subjected to the effect of curvature only.
Narasimhan et al.® compared the experimental results of Ramjee and Neelakandan’ with computations
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based on the k—¢ model of turbulence and found that the model was able to satisfactorily reproduce the
mean velocity profiles. Further, the model was able to capture the asymmetry in the profiles of
Reynolds shear stress, but the predicted peak values did not match the experimental values. Recently
Tulapurkara et al.,’ as a sequel to the work of Ramjee and Neelakandan,’ studied the effect of the
combination of curvature and pressure gradient on the wake of an aerofoil by allowing the wake to
develop in a curved diffuser. They measured all the components of the Reynolds stresses. To separate
the effects of curvature and pressure gradient, the development of wake was also studied in (a) a
constant area straight duct, (b) a constant area curved duct and (c) a straight diffuser having the same
pressure gradient as that in the curved diffuser.

In the present paper we examine whether this particular wake development® can be predicted by a
numerical technique. The earlier experimental results®’ contain measurements of the Reynolds normal
stresses u’2, v2 and Reynolds shear stress u’v’ only. Consequently, the values of the turbulent kinetic
energy k calculated by Narasimhan et al.® could not be compared with the experimental data. In the
present case, since all the Reynolds stresses have been measured, it is possible to compare the
prediction of the turbulent kinetic energy also and examine the performance of the k—¢ model in all its
aspects. A brief description of the experimental work is given in the next section. This is followed by
the details of the computational technique and the results.

2. EXPERIMENTAL RESULTS

The set-up is similar to that of Ramjee and Neelakandan’ and is shown in Figure 1(a). It consists of a
blower driven by a 2 hp motor. The blower is connected to a diffuser and then to a settling chamber.
Two nylon screens and a honeycomb are provided in the settling chamber. The test section has a cross-
section of 140 x 140 mm? and is 600 mm long. It is followed by either a straight duct, a curved duct, a
curved diffuser or a straight diffuser depending on the case under investigation. The four cases under
investigation are wake developing in (i) a straight duct of cross-section 140 x 140 mm? and 600 mm
long, (ii) a curved duct of constant cross-sectional area 140 x 140 mm? and centreline radius
R = 700 mm, (iii) a curved diffuser having an inlet cross-sectional area of 140 x 140 mm?, an area
ratio between exit and entry of 1-74, centreline radius R = 700 mm and turning angle f = 60° and (iv)
a straight diffuser having an area ratio of 1-54 and 600 mm long. The design of the curved diffuser is
based on the guidelines provided by Fox and Kline.'® In case (i), hereinafter denoted Flow A, the wake
develops without curvature and pressure gradient effects. In case (ii), denoted Flow B, only the effect
of streamline curvature is present. In case (iii), denoted Flow C, the wake is subjected to both
streamline curvature and streamwise pressure gradient. In case (iv), denoted Flow D, only streamwise
pressure gradient is present; the angle of divergence of the straight diffuser was adjusted to give almost
the same centreline velocity as in the curved diffuser.

The velocity in the test section is about 15 m s~'. The wake is produced by an NACA 0012 aerofoil
of chord ¢ = 100 mm kept at 0° incidence. The trailing edge is located 100 mm ahead of the exit to the
test section. Figures 2(a)-2(d) show the variation in mean velocity U/U,.; for the wake in the four
cases at x = 150, 200, 300 and 400 mm (i.e. x/c = 1-5, 2, 3 and 4 respectively), where x is the
distance from the trailing edge of the aerofoil along the centreline of the duct/diffuser. This range of
x/c is likely to be sufficient for practical purposes. For example, in the case of a multielement aerofoil
the length of the main wing chord is generally four times the chord of the slat. Thus the distance over
which the wake of the slat is affected by the streamline curvature and pressure gradient effects caused
by the presence of the main wing is about four times the chord of the wake-producing body. The
quantity U is the reference velocity measured in the test section at one chord length ahead of the
acrofoil leading edge. The symbols Wy and W in the figures denote the width at the measuring
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stations in the curved and straight diffusers respectively, while W in the figures denotes the width of
the straight and curved ducts, which is 140 mm. The ordinate y is normal to the centreline of the duct.

The velocity distribution without the wake-producing body in Flows B and C was measured and is
given by a line joining the velocity distribution outside the wake and the boundary layers on the walls.
This is indicated by a chain line in Figure 2(b) and 2(c). This velocity is called U,, the potential
velocity. In the case of the wake developing in the curved diffuser (Flow C), the centreline velocity
without the body, Upes is 15-00, 14-51, 13-86 and 13-17 m s~' at x/c = 1-5, 2, 3 and 4 respectively.
This indicates that the average pressure gradient d(U,.)/dx is —7-32 s~!. Almost the same value of
pressure gradient was obtained by adjusting the divergence angle in Flow D. In Flows B and C, owing
to the effect of curvature, the irrotational flow velocity outside the wake and the wall boundary layers is
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not constant over the cross-section. It is higher on the inner side than on the outer side. It may be
mentioned that the inner side is the region between the wall, closer to the centre of the curvature, and
the centreline while the outer side is between the centreline and the other wall (Figure 1(a)). A similar
velocity profile was also observed by Nakayama.®

For the wake in the curved duct and diffuser the velocity defect W is obtained by subtracting U
from U, i.e. W = U, — U. It is seen in Figures 2(b) and 2(c) that the velocity profile is asymmetric
and the maximum velocity defect occurs near the centreline. Let the half-width 4" be the value of y
at which the velocity defect equals half of its maximum value. It is noticed that &’ in Flows B and C
is not the same on the two sides of the wake centreline as in Flows A and D. The variation in the
maximum velocity defect ¥, non-dimensionalized by U,,, is shown in Figure 3. The variation in the
average of the two half-widths, b;,,, is shown in Figure 4. From the measured value of Reynolds
stresses’ the turbulent kinetic energy k was calculated. The profiles of the turbulent kinetic energy
k/ Urch for all the cases are shown in Figures 5(a)-5(d). For Flows A and D the turbulent kinetic
energy profiles are symmetric about the wake centreline. For Flow B, owing to the effect of
curvature, the values are higher on the inner side than on the outer side. This makes the profiles
asymmetric. The profiles become further asymmetric when pressure gradient is present in addition to
curvature (Flow C). The variations in the Reynolds shear stresses u'v'/ U,zef for all the cases are
shown in Figures 6(a)}-6(d). The shear stress profiles are antisymmetric about the wake centreline in
Flows A and D. The profiles are asymmetric when curvature is present (Flow B), with the
asymmetry increasing with increase in x. This asymmetry is further enhanced in Flow C owing to
the additional presence of adverse pressure gradient. Prediction of this behaviour is an important test
for the model of turbulence and is one of the aims of the current investigation.

3. COMPUTATIONAL TECHNIQUE

The wakes in Flows A and D develop in a straight duct and a straight diffuser respectively and are
computed using the scheme given by Badrinarayanan er al.'' Flow B is computed using the scheme
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developed by Narasimhan et al.® to compute the wake in a curved duct. This scheme is modified to
compute the wake in Flow C. An outline of the scheme is as follows.

The thin shear flow equations for curved flows in an (s, n) co-ordinate system (Figure 1(b)) and
incorporating the k—& model of turbulence can be written as'>

aU /as + (3/am)(1 + n/R)V ] =0, (1)
UaU Jas + V(1 +n/R)3U /an = —UV /R — (1/p)ap/ds — 2u'v' /R + (1 + n/R)du™v' /on,  (2)

Udk/ds + V(1 + n/R)ak/on = (1 + n/R){v,[8U/dn — (U/R)/(1 + n/R)] — &}
+ (8/0n)[(v/a;)(1 + n/R)ok [on], 3)

Ude/ds + V(1 + n/R)de/on = (1 + n/R){C,,v(e/k)[dU /an — (U/R)/(1 + n/R)}

— Cae® [k} + (8/3m){(vi/0,)(1 + n/R)3e/dn), @
where the shear stress u’v’ = v,[dU/dn — (U/R)/(1 + n/R)], the eddy viscosity v, is given by
vy = C#kz/a, €, =009, 0,=1.0, C; =144, C; =192, 6,=1-3, U and V are the mean
velocities in the s- and n-direction (Figure 1(b)) respectively, #' and v are the fluctuating velocity
components of U and V respectively, & is the turbulent kinetic energy and ¢ is the rate of dissipation of
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Figure 4. Streamwise variation in wake average half-width, b;vg: [, A, experiment; , prediction with C, constant;

— — —, prediction with C,, variable (Leschziner and Rodi); -----~--- , prediction with C,, variable (Humphrey and Pourahmadi)
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Figure 5(a). Profiles of turbulent kinetic energy, k/UZ,— Flow A: O, experiment; ———, prediction with C, constant;
---—-----, prediction with C,, variable (Humphrey and Pourahmadi)

k. The s-co-ordinate line coincides with the centreline of the curved duct/diffuser and n is normal to it.
Cy» 04, Cpy, Cp and o, are the constants in the standard k-¢ model.

To reduce the above equations to a parabolic set, the gradient of pressure in the streamwise direction,
dp/0s, needs to be prescribed. In a straight wake there is no cross-stream pressure gradient and dp/ds,
which is constant across the wake, is obtained by applying Bernoulli’s equation to the flow outside the
wake. In the present case we take advantage of the derivation done by Nakayama,” which shows that
when the shear layer is thin compared with the radius R, the pressure p is given by

p/p+ %Ug = Pres/P + %Uif = const., 5)

where U, as mentioned earlier, is an extension of the external potential flow velocity into the wake and
is obtained by joining the potential flow velocity distributions on the upper and lower sides of the
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Figure 5(b). Profiles of turbulent kinetic energy, &/ U,zlf— Flow B; O, experiment; ———— prediction with C, constant;

— — —, prediction with C, variable (Leschziner and Rodi); --------- , prediction with C,, variable (Humphrey and Pourahmadi)
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0.0025

wake. It was confirmed that the velocity distributions outside the wake are almost the same with and
without the aerofoil and follow a straight line.'® It was also confirmed that the static pressure at a point
in the duct/diffuser was the same with or without the aerofoil.'*> Hence we use the experimental
distribution of U, in the curved duct/diffuser without the aerofoil and calculate dp/ds using equation
(5), ie.

—(1/p)dp/ds = U,dU,/ds. (6)

It may be remarked that So and Mellor'* also used a similar procedure for analysing boundary layer
data on curved surfaces. In the present investigation U, can be expressed as

Up = Upe(s) — C(s)n, )
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where U, (s) is the potential flow velocity at the centreline of the curved duct/diffuser and C(s) is the
slope of the straight line portion of the U, versus n curve at a given location. In Flow B, U, was found
to be a constant along the curved duct with a value of 1-039 U,;. However, in Flow C, U, varies with
s and is represented by a cubic. The values of the slope C(s) for Flows B and C were calculated from
velocity profiles at the measuring stations without the aerofoil. A cubic polynomial was used to get a
smooth fit to these values of C(s).

After dp/ds is known, a numerical solution to equations (2)~(4) is obtained by prescribing the
profiles of U, k and ¢ at a suitable starting station and using the finite volume scheme of Patankar and
Spalding.'® The ¥-component of velocity is obtained by taking ¥ = 0 at the duct/diffuser centreline
and then integrating the continuity equation. Details of the discretization, the solution of the resulting
equations, etc. are given in Reference 16. The initial profiles and the boundary conditions are treated in
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Figure 6(a). Profiles of Reynolds shear stress, u’v'/ U,zgf—Flow A: O, experiment, ————, prediction with C, constant,

--------- , prediction with C, variable (Humphrey and Pourahmadi)
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a manner similar to that in Reference 8. A grid with 109 points across the wake, as prescribed by
Badrinarayanan ez al.,'' is used and it gives grid-independent results.

4. RESULTS AND DISCUSSION

The computations were first carried out using the standard k—& model. The full lines in Figures 2—6
represent the values obtained using the k— model with standard constants, described in the previous
section. The following was observed. (i) For all cases the calculated velocity profiles are in close
agreement with the experimental data (Figures 2(a)-2(d)). (ii) The values of W,/ U, are slightly over-

predicted (Figure 3) and those of b;,, are slightly underpredicted (Figure 4). (iii) The calculated
distributions of k and u’v’ display the asymmetry in profiles due to the curvature in Flow B (Figures
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5(b) and 6(b)). (iv) The enhancement in the asymmetric features of k and u’v’ due to the additional
presence of the adverse pressure gradient in Flow C is also displayed by the computations (Figures 5(c)
and 6(c)). However, the computed values of the peaks in k are generally higher than the experimental
values. The results for Flows A and D are in accordance with the fact that the k—¢ model is satisfactory
for the prediction of near and intermediate wakes in straight flows.'”'8 W, /U, and b, also compare
very closely with the experimental data in Flows A and D but are not shown for the sake of brevity.

In a recent lecture series, Leschziner'® points out the known advantages and weaknesses of the
standard k—¢ model. The advantages that make it suitable for calculations of engineering accuracy are
its ability to account for some of the physics of turbulence at moderate computational costs. Its
weaknesses relate to its inadequate response to streamline curvature and adverse pressure gradient. He
mentions a few suggestions to improve the performance of the k—& model in these cases by modifying
some of the model constants. Results of computations using these and other suggestions in the
literature are given below.

Launder er al.”® modify the constant C,, based on a curvature parameter. When this modification
was tried out, it did not result in any significant improvement. This is perhaps because the expression
for C,; in Reference 20 is based on a comparison with near-wall flows where the velocity gradient does
not change sign.

Leschziner and Rodi*' have considered the algebraic stress model and deduced by simplification
that the k—¢ model can be modified to account for the effect of curvature by making the model constant
C, dependent on the local values of curvature, velocity gradient, k and ¢. The proposed relationship is

C, = max{0-025,0-09/[1 + 0-57(k*/&*)(3U /3n + U/R)U /R]). (8)

Computations with this modification are shown by long broken lines in Figures 2—6 for Flows B and C.
It is seen that the agreement between the computed and experimental values of W, /U, and b, is
good. However, the peaks in & and u’v’ show increased asymmetry as compared with those when the
standard k—& model is used. This leads to poorer agreement between the computed and experimental
profiles of these quantities. It may be added that similar behaviour was seen by Narasimhan ez al.® in
the profiles of #’v’ for which the comparisons were made.

Recently Tucker %2 has computed the flow behind the base of an axisymmetric body. In this case also
the flow is subjected to curvature and pressure gradient effects. He has modified the k—¢ model in the

following manner. The model constant C,, is expressed as
Csl =115+025Pk/8, (9)

where P, is the production of turbulent kinetic energy. The values of the other constants in the model
are taken as C, =1-90, ¢, =0-89 and o, = 1-15. In the present case these modifications did
improve the predictions of W,/U,, and b,,, _as compared with those with the standard k-¢ model, but
the improvements in the profiles of & and u'v’ were marginal.

Humphrey and Pourahmadi?? (hereinafter referred to as H & P) and Pourahmadi and Humphreyz"
also start with the algebraic stress model and propose an expression for C, in the k—¢ model.
However, their approach differs from that of Leschziner and Rodi*' in that the ratio of the
production of turbulent kinetic energy to its rate of dissipation, i.e. P, /e, is not assumed to be unity.
This leads to a more general expression for C, which can take into account the simultaneous effects
of curvature and pressure strains in terms of (i) a curvature parameter 6 which is the ratio of
curvature strain to shear strain, i.e. [U/(n + R)]/(3u/dn), and (ii) ratio P,/e. H & P give details of
the derivation of the expression for C,. They have simplified the expression for C,, and applied it to
cases where the effects of curvature and P, /¢ can be separated, namely boundary layer, straight and

curved channel flows. In the present case (Flow C) the effects of curvature and pressure gradient are



40 E. G. TULAPURKARA, V. RAMIJEE AND J. GEORGE

combined. Hence, starting with the general expression of H & P an expression for C, was derived

which depends on the curvature parameter 6 and the ratio P,/e. The following expression is
obtained:

c 30 = G)(1 =8Iy = 1 + Gy(Pi/e)] - 8(1 = Cp)*4(1 +5)(Pk/8)
o (1= 8Y[C) — 1+ (P/o)f

(10)

where C; and C, have values of 2-2 and 0-55 respectively as suggested by H & P. Results of the
calculations using this modification are shown by short broken lines in Figures 2—6 for all four cases;
in the case of Flows A and D the value of J reduces to zero. The velocity profiles calculated using the
H & P model and the standard k—e model compare well with the experimental data (Figures 2(a)-2(d))
and the differences are not noticeable. The wake parameters W,/U, and b,,, in Flows B and C show
excellent comparison with the experimental values (Figures 3 and 4) when the H & P model is used.
Further, the comparisons between the experimental and calculated peak values of k and u’v’ show a
significant improvement as compared with the standard k—¢ model.

Thus, keeping in view the range of uncertainty in the experimental data, especially in & and u'V’, it
can be said that the k—¢ model with modifications to C,, based on the curvature parameter and the ratio
of the production of turbulent kinetic energy to its rate of dissipation, gives satisfactory results by
being able to accommodate both curvature as well as mild adverse pressure gradient effects. The
modified model gives an accurate prediction of the wake parameters W, /U, and b,

avg*
The following additional remarks can be made.

(i) Owing to the extremely low values of P,/e in a small region near the centre of the wake,
equation (10) yielded unrealistically high values of C, and hence its value was limited to 0-15
in this region. The minimum value was limited to 0-025. H & P have set limits of
0-045 < C, < 0-14 in their calculations.

(ii) The H & P modification is also not entirely adequate to reproduce the experimental profiles of k
and #’v" in curved flows. This is perhaps due to the fact that the modified expression for C,,
though adequate over a significant portion of the wake, is not appropriate towards the edges of
the wake. This was verified by plotting the values of C,, using the far-wake data of Browne et
al.*® and by comparing them with the values of C, given by equation (10).

5. CONCLUSIONS

The development of wakes in a straight duct, a curved duct, a curved diffuser and a straight diffuser has
been computed using thin shear flow equations and the k~¢ model of turbulence. Calculations are
performed with the model constant C, dependent on the curvature parameter and the ratio of the
production of turbulent kinetic energy to its rate of dissipation, as suggested in Reference 23. The
results are in good agreement with the experimental data and show that the scheme and modified k—¢
model accurately predict the mean velocity profiles and wake parameters. Further, the scheme and
model are adequate to capture the asymmetry in the profiles of the turbulent kinetic energy k and
Reynolds shear stress u"v’ caused by the curvature and its enhancement due to the additional presence
of an adverse pressure gradient.

Though the scheme and model are adequate for calculations of engineering accuracy, the slight
differences between the experimental and computed values of k and u’v’ give rise to the view that a

higher-order model, namely the Reynolds stress model, is perhaps required for better prediction of &
and u’v’
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